We propose to use photon echoes in rare-earth-doped crystals to implement the Fourier-transform chirp algorithm. The process is considered for application to spectral analysis of fast radio-frequency signals. Compared with surface acoustic wave devices, the proposed scheme gives access to the larger bandwidths of rare-earth-doped crystals and greater f lexibility. An experimental demonstration of the proposed process is reported. © 2001 Optical Society of America OCIS codes: 070.4790, 070.2590, 070.4340, 200.3050, 190.4380, 090.0090.
In this Letter we show that photon echoes can yield Fourier transforms by means of a chirp transform algorithm.
The chirp transform algorithm computes the Fourier transformẼ͑rt͒ of E͑t͒ as
where ≠ is the convolution product. In Eq. (1) the phase factors exp͑6iprt 2 ͒ describe linear chirps with chirp rates 6r. E͑t͒ is f irst multiplied by a chirp with rate r, then convolved with the opposite chirp, and f inally multiplied by another chirp with rate r. This algorithm is therefore often called the multiplication -convolution -multiplication scheme. By virtue of the convolution theorem, it is equivalent to convolution -multiplication -convolution operation. The last multiplication in the multiplicationconvolution -multiplication scheme is useful only if the phase of the Fourier transform (FT) is of interest. Multiplication -convolution operation yields the signal E͑rt͒exp͑2iprt 2 ͒ and is suff icient for power spectrum analysis.
The chirp algorithm is implemented by state-of-the-art SAW spectrum analyzers. Whereas mixers operate the multiplication, the heart of the system is a SAW dispersive delay line that performs the convolution of Eq. (1). This convolution with a chirp is indeed a group-delay dispersion process.
The various frequency components undergo a relative time delay n͞r, which grows linearly with frequency n at dispersion rate 1͞r. SAW dispersive delay lines can impart a maximum relative delay of 100 ms. The bandwidth is limited to a maximum of 500 MHz. In a practical device a time -bandwidth product of 2500 is possible. The operation of rare-earth-doped crystals as dispersive delay lines with great f lexibility was recently demonstrated. 3, 4 The bandwidth and the spectral resolution of these crystals hence make them interesting for implementation of a chirp algorithm with unmatched features.
In the perturbation regime and for a small optical density sample, the photon echo signal generated by fields E 1 ͑t͒, E 2 ͑t͒, and E 3 ͑t͒ reads as
where we assume that E 1 ͑t͒ dies out before E 2 ͑t͒ starts to rise and that E 3 ͑t͒ does not exist before E 2 ͑t͒. In this coherent process, the first two pulses, E 1 and E 2 , engrave their cross-correlation product in the absorption band of the dopant ions in the crystal, which then acts as a spectral f ilter for reading pulse E 3 . The maximum length of the engraving sequence is limited by the coherence time of the excited optical transition in the crystal, which lies in the 10 100-ms range for rare-earth-doped crystals at low temperature. This time also limits the duration of the reading pulse that can be coherently processed by the filter. However, the spectral f ilter engraved by the first two pulses survives much longer than the transition coherence time. Its lifetime depends on the population relaxation mechanisms for the excited ions and therefore ranges from 1 ms to several hours, depending on the ion and on the host crystal. Once it has been engraved, the filter can independently process many successive reading pulses. The available bandwidth is limited by the width of the absorption band and is in the 1-100-GHz range. Rare-earth-doped crystals offer great time-bandwidth products for signal processing and because of their large bandwidths can outdo fast electronics, SAWs, and acousto-optic devices. Let the third pulse, E 3 ͑t͒, in Eq. (2) be an optical chirp of rate r, modulated by a RF signal E͑t͒ with the help of an electro-optic modulator. Integrated electro-optic modulators can handle bandwidths up to 50 GHz. The optical chirp can be generated by external-cavity diode lasers. 2 ͒, the echo signal appears as the result of the multiplication -convolution operation and therefore displays the FT of the RF signal E͑t͒ on a chirped optical carrier.
Engraving the chirped factor exp͑2iprt 2 ͒ actually programs the dispersive filter exp͑ipn 2 ͞r͒ whose dispersion rate is 1͞r. There are different ways to engrave this filter. One is to use for E 1 ͑t͒ and E 2 ͑t͒ two successive chirped pulses of duration T ͞2 and opposite rates 2r and 22r, respectively, as shown in Fig. 1 . Provided that the condition rT 2 ͞2 . . 1 is fulf illed and that the chirps cover the same rT -wide spectral domain, the convolution of those two chirps gives another chirp of duration T , which covers the same spectral domain and whose chirp rate is simply given by the sum 21͞2r 1 ͑21͞2r͒ 21͞r. Another way to engrave the f ilter is to give E 1 ͑t͒ the chirp rate g 1 dg and E 2 ͑t͒ the chirp rate g. One then engraves the dispersion rate 1͞r Ӎ dg͞g 2 (assuming that dg , , g). The scheme described above is not the singlephoton-echo process with which to perform the chirp transform algorithm. In particular, the photon echo scheme proposed by Bai and Mossberg 7 for pulse compression and also treated experimentally by Graf et al. 9 and by Wang et al. 9 for data train compression is in fact another implementation of the same algorithm and indeed yields the FT of the input data. In these experiments the data signal E͑t͒ is carried by the first pulse, which has a chirp of rate r and a duration T , so E 1 ͑t͒ E͑t͒exp͑iprt 2 ͒ and pulses E 2 and E 3 are successive chirps of duration T ͞2 with the identical rate 2r. In this way, provided that rT 2 ͞2 .. 1, the echo field isẼ͑rt͒exp͑iprt 2 ͒, assuming that E͑t͒ is real valued. The same analysis applies to the two-pulse echo generated by pulses E 1 and E 2 because this process is described by Eq. (2) with E 3 ͑t͒ E 2 ͑t͒.
These different photon-echo implementations of the same algorithm do not make use of the crystal in the same way. In the schemes used by Bai and Mossberg, the signal E͑t͒, because it is carried by the f irst pulse, is engraved in the crystal, where it survives for the population lifetime, which is usually greater than 1 ms. As a result, one must wait long before processing another signal. Continuous processing is not possible. In the scheme that we propose, signal E͑t͒, carried by the third pulse, is not engraved. Instead it is the dispersive f ilter that is memorized in the crystal. And one can use that filter to process many reading pulses, without any delay between successive readings. Indeed, if one generates a continuous stream of successive, identical, chirped pulses of duration T s , each chirp can be modulated by a T s -long RF signal E͑t͒ and then processed by the dispersive filter. This procedure yields a continuous stream of successive echo signals that display the FTs of the RF signals carried by the successive chirps. True continuous processing can be achieved with a maximum probability of interception. For that purpose, however, one must consider the f inite lifetime of the dispersive filter in the crystal. Continuous refreshing of the f ilter engraving is necessary, which must be compatible with simultaneous use of the filter for processing. Such continuous read and write operation has been demonstrated in several experiments with a box geometry to angularly separate all the necessary beams on the crystal. 4 Continuous refreshing yields an increase in diffraction efficiency. In addition, it permits the f ilter to be adapted in real time to handle different needs. That is, one can adapt the chirp rate and duration to higher bandwidth or higher resolution (zooming capability) by simply changing the features of the chirped pulses.
Spectral resolution and bandwidth must be addressed. The spectral resolution is given by the inverse duration 1͞T s of signal E͑t͒. The ultimate limit to T s is coherence time T 2 of the optical transition. However, other conditions must be taken into account. Let us consider the bandwidth. As RF signal E͑t͒ is multiplied by chirp exp͑iprt 2 ͒, it acquires bandwidth. Indeed, the chirp-carried signal occupies a bandwidth rT s 1 D s , which accounts for a single sideband of width D s . This bandwidth must be smaller than the available bandwidth in the crystal D c , which holds the dispersive f ilter. In other words, increasing the bandwidth will decrease spectral resolution and vice versa. The maximum time -bandwidth product D s T s is obtained for D s D c ͞2. Still, another condition arises if we want to achieve continuous analysis. In that case one requires that the spectrum of a T s -long signal be displayed in a time smaller than T s . Otherwise, echo signals generated by successive reading pulses would overlap in time. A D s -wide spectrum is displayed in a time D s ͞r. One therefore requires that 2D s ͞r , T s . Combining these conditions, one is left with a maximum time -bandwidth product given by approximately one third of the available product in the crystal, corresponding to bandwidth D s D c ͞3 Fig. 1. (a) Complete exciting sequence and echo signal in the demonstration experiment and (b) laser frequency chirps during the sequence; A, f irst chirp, rate 2r; B, second chirp, rate 22r; C, third chirp, rate r, modulated by square pulses; D, echo signal; PM, photomultiplier. and signal duration T s 2T 2 ͞3. These values allow for high bandwidth and high resolution devices.
We experimentally checked the validity of the proposed algorithm in a 0.5-at. % doped Tm 31 :YAG crystal at 1.5 K. Figure 2 is a schematic of the setup. The laser source was a homemade external-cavity diode laser with no provision for frequency chirping. It was tuned to the 20-GHz-wide absorption line at 793.4 nm. The necessary chirps were obtained with an acousto-optic frequency shifter (AOM0) with 38-MHz bandwidth. The beam was divided into two arms after the shifter. One acousto-optic modulator in each arm controlled the amplitude. The two beams were recombined at a small angle in the crystal and focused to a spot with a 1͞e 2 diameter of 140 mm. The power was ϳ1.5 mW in each arm. Photomultiplier tube PMT, aligned along one of the exciting beams for signal detection, was protected against the engraving pulses by an acousto-optic shutter. The chirp configuration used is described above and is shown in Fig. 1 together with the complete excitation sequence, as viewed through the leakage of AOM3, and the echo signal. AOM0 generated the frequency chirps shown in Fig. 1(b) . AOM1 opened for the first, upward chirp, which was 2.5 ms long and covered a 38-MHz bandwidth. AOM2 opened for the second, downward symmetric chirp. Those two chirped pulses engraved the dispersion f ilter in the crystal. AOM1 also modulated the last rising chirp (38-MHz in 5 ms), with a RF signal E͑t͒ consisting of a train of pulses. As can be observed, the resultant echo displays the spectrum of E͑t͒ with the central carrier peak and sideband peaks corresponding to the pulse modulation frequency. Figure 3 shows sample records of the echo for various input signals E͑t͒. All inputs consist of a five-pulse train with different modulation frequencies. The theoretical spectra are also plotted. They are homothetic versions of one another because the number of pulses is constant. Experiment best agrees with prediction for a modulation frequency near 3 MHz. For modulation frequencies less than 3 MHz, that is, a pulse train that is longer than 1.3 ms, the experimental peak width stops narrowing, probably because of the limited coherence time of the laser. Independent experiments with the laser indicated a frequency stability of ϳ500 kHz on a 10-ms time scale. The present experiments still demonstrate submegahertz resolution, and higher resolution is within reach. For higher frequencies the sidelobes are not positioned as expected, i.e., nonsymmetrically with respect to the central peak. They are also broader than expected. Another discrepancy was observed, for any modulation frequency, when the number of pulses in the train was increased: The sidelobes then broadened and showed a dip in the center. These effects, which we suspect arise from distortion of the laser chirps, will be addressed in future experiments.
To summarize, we have proposed and experimentally demonstrated a photon-echo process for time-to-frequency Fourier transform of RF signals. We have shown that previous photon-echo experiments devoted to data compression were actually different implementations of the same FT algorithm. Our scheme has the potential for continuous real-time spectral analysis of RF signals, with a bandwidth greater than 10 GHz, submegahertz resolution, and zooming capability.
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